We derive in a simple way certain minimal cubature formulae, obtained by Morrow and Patterson [2], and Xu [4], using a different technique. We also obtain in explicit form new near minimal cubature formulae. Then, as a corollary, we get a compact expression for the bivariate Lagrange interpolation polynomials, based on the nodes of the cubature.
I. Introduction
As usual, we denote by the set of all algebraic polynomials of total degree n in two variables. 1,112 j=l where (xi, yi)C[-1, 1] z and {Ai} are real coefficients. There have been many efforts to construct a formula with fixed number of nodes that integrates algebraic polynomials of degree as high as possible, or equivalently, given a fixed degree 2n-1, to find a cubature with minimal number N*(n) of nodes that integrates exactly all polynomials from rc2,_1(~2). Such a formula is called minimal M611er [1] has shown that for centrally symmetric weight functions N*(n)>~ ½(n(n + 1))+ [½n] .
Let w(x)
be
W(2)(x'Y)f(x'y)dxdy~ ZAjf(xj'YJ)'
Recently, Xu [4] derived in explicit form certain minimal and near minimal formulae for the product Tchebycheff weight Wo<Z)(x, y): 
Results
Let us first introduce some notations. Consider any fixed quadrature formula on [-1, 1], namely, Then the cubatures
are exact for every fET~Zn_l(~2).
Next, we apply this rather elementary result based on rule (2.1) to get the cubatures, established by Xu [4] and Morrow and Patterson [2] . Let Wo(X) := 1/(v/1 -x2). Then the following statements hold. 
Corollary 2.2. For each natural number n the cubature formulae
are exact for all polynomials of deoree 2n-1 in d variables.
Note that the first formula uses (2m z + 2m) v nodes for n = 2m and (2m2) v nodes for n = 2m -1. The number of the nodes for the second and the third one are (2m + 1)(2m 2 + 2m) ~, when n = 2m and 2m(2m2) ~, when n=2m-1. (L(f) uses n + 1 nodes.)
Once we derive cubature formulae of high degree of precision, we can get explicit expressions for the fundamental polynomials for the Lagrange-type interpolation. It turns out that a simple approach can be applied to the case of cubatures, associated with the product Tchebycheff weight and we obtain the next interpolation formulae. We could give also the multivariate interpolation formulae corresponding to the obtained before multivariate cubatures.
Proof of the results
Proof of Theorem 2.1. A repeat application of (2.1) with respect consecutively to x and y yields the cubature formula
I(f) ,~ ZxZy(f)--(Ex q-Ox)(Ey q-Oy)(f)--A(f) + B(f)
with an algebraic degree of precision 2n-1 (i.e. it is exact for all fErc2,_l(R2)). Clearly, our theorem will be proved if we show that A(f)=B(f) for all fErc2n_l(~2). 
~-(~o a)) (~o aJ) q-(~e aj) (~e aj)=2(~o aJ) 2'
where we have used (2.2) in the last equality. Similarly, one obtains
-:-2(~o aJ) (~aj)=2(~o aJ)2=A(f)
and (3.1) holds in this case.
(ii) Let f(x, y) :--Pk(Y) and k > 0. Then
A(f) = OxOy(Pk) + ExEy(Pk) -~(~o a))Oy(P~:)-q-(~e aj)Ey(Pk)----(~o aj) L(Pk) ,
where we have used (2.2) only. In exactly the same way we find an expression for B(f) which coincides with that for A(f).
The case f(x, y)=Pk(x) and k >0 goes similarly.
(iii) Let f(x,y)=Pt-k(x)Pk(y) with O<k<l<<.2n-1. Then

A( f ) = Ox(Pl_k )Oy(Pk ) -~-Ex(Pl_k )Ey(Pk ), B( f ) = Ox(Pl-k )Ey(Pk ) + Ex(Pt-k )Oy(Pk ).
Since I'(Pk)= 0 for k>0 (because of the orthogonality), we have 
is exact for all polynomials of degree 2n -1 in d variables. But (3.2) can be rewritten as
and by the Corollary 2.2
Similarly when d--2v + 1 we get
or, more generally,
The proof is completed. [] Proof of Theorem 2.4. We are going to apply an analogue of the following fact, concerning univariate polynomials.
Assume that {pk}k~=0, Pk = ~kXk+ "" ", is a normalized orthogonal system of polynomials on [a,b] with respect to the weight #(x). Let
p(t)f(t)dt ~ ~-~ ajf(xy)
j=l be the quadrature formula of algebraic degree of precision 2n-1. Then for every fE/'Cn_l(• ) we have n i/; ]
Since the dimension of ZEn-l(N) equals n and every f E ~,_I(R) was presented as a linear combination of the polynomials of l,j. We can apply the above-mentioned reasoning to get explicit expressions for the fundamental polynomials for the Lagrange-type interpolation. In addition, if we have a certain analogue of the Christoffel-Darboux formula, we may hope to get a compact form of these expressions. Next, we sketch the calculations and present the final results in this particular case.
Every P(x, y) E rc,_l(N 2) can be written as n--1 l 
P(x, y) = ~ ~ atk(P)Tl-k(x)Tk(y),
